Suppression of the Persistent Spin Hall Current by Defect Scattering 
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We study the linear response spin Hall conductivity of a two-dimensional electron gas (2DEG) 
in the presence of the Rashba spin orbit interaction in the diffusive transport regime. When defect 
scattering is modeled by isotropic short-range potential scatterers the spin Hall conductivity vanishes 
due to the vertex correction. A non-vanishing spin Hall effect may be recovered for dominantly 
forward defect scattering. 



Spintronics is the rapidly developing field of research 
aiming to use not only the charge but also the spin degree 
of freedom of electrons in electronic circuits and devices.^ 
In order to be compatible with microelectronic technol- 
ogy, effective spin injection into conventional semicon- 
ductors is necessary. Injection of spins via attached fer- 
romagnets has turned out to be quite difficult iSi^ This 
is one motivation to investigate the possibilities to make 
use of the spin-orbit (SO) interaction, which may spin- 
polarize a non-magnetic conductor simply by applying a 
source-drain biasi^i^iSiL2iS The two-dimensional electron 
gas (2DEG) is an ideal model system to investigate the 
physics of these effects. In sufficiently asymmetric con- 
finement potentials the so-called Rashba term dominates 
the SO interaction. 1° The Datta spin transistor concept 
is based on the tunability of the Rashba interaction by 
an external gate potential;^^ 

Applying an electric field in the x— direction of a 
Rashba 2DEG spanning the x, y— plane induces a charge 
current in the x— direction, but also a homogeneous spin 
accumulation in the y— direction proportional to the field 
strengthiSii Recently, Sinova et al. reported a persistent 
spin Hall current^ for a ballistic Rashba 2DEG. The ac- 
celeration of the electrons by the external electric field 
(along the cc-direction) modifies the SO-induced pseudo 
magnetic field such that spin are tilted out of the 2DEG 
plane in directions that are opposite for positive and neg- 
ative lateral momentum {ky) states. This corresponds 
to a flow of Sz — +1/2 and —1/2 spins in opposite di- 
rections without a corresponding net charge transport.^ 
The authors suggest that the spin Hall current should be 
rather robust against disorder scattering, which implies 
that the effect is measurable in Hall bars of mesoscopic di- 
mensions. Note that the ballistic spin Hall effect is quite 
different from the spin Hall effect reported earlier for dif- 
fuse paramagnetic metals, which is caused essentially by 
impurity scatteringi^*i4 In the weak scattering regime, 
in which the broadening is smaller than the SO-induced 
splitting of the energy bands, the life-time broadening of 
the self-energy has recently been found to have vanish- 



ing effect on the ballistic spin Hall current li^ii^ Burkov 
and MacDonaldii recovered the universal ballistic value 
even in the dirty limit, in which the broadening is larger 
than the SO-energy splitting. In this Communication we 
study the effect of disorder on the spin Hall effect in the 
diffuse regime, in which the scattering rate is larger than 
either the frequency or the inverse sample traversal time, 
but for weak scattering. By taking into account the ver- 
tex correction we find that the spin Hall effect vanishes 
identically for short-range impurity scattering. 

We model the disorder by randomly distributed 
isotropic short-range potentials and compute longitudi- 
nal and transverse (Hall) conductivities for both charge 
and spin currents by the Kubo formalism in the Born 
approximation. The SO interaction is subject to a sig- 
nificant conductivity vertex correctioujX which we find 
here to be decisive for the spin Hall current. The vertex 
correction appears in such a way that the current oper- 
ator along the a;-direction corresponding to the Rashba 
Hamiltonian — e {(hk/m)l — Xay} is modified by sub- 
stituting A A = A + A'. Here ct^ (i = x,y,z) are the 
Pauli spin matrices. The correction term A' is not nec- 
essarily small compared with A, and found to be —A in 
the weak scattering regime. Only without the vertex cor- 
rection, the spin Hall conductivity tends to c/Stt as pre- 
dicted by Sinova et al.M' Physically, the diffuse scattering 
represented by the vertex correction efficiently scrambles 
the precession of spins out of the 2DEG plane induced 
by the applied electric field such that no net spin Hall 
current remains. On the other hand, the induced spin 
accumulation in the j/— direction is much less sensitive 
to impurity scatteringi The spin Hall conductivity may 
persist for long-range, anisotropic defect potentials that 
correspond to predominantly forward scattering. 

The Rashba Hamiltonian in the momentum represen- 
tation and Pauli spin space reads 



Hn = 



(1) 



where k± = kx ^ iky with k — (kx, ky) the electron mo- 
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mentum in the 2DEG plane, and A parametrizes the 
tunable spin-orbit coupling. The eigenfunctions and 
eigenvalues of the Hamiltonian corresponding to periodic 
boundary conditions are given as 



1 



2m ^ 



sXhk, 



(2) 
(3) 



respectively, with s = ±,k — \ + k"^ and Li^ the area 



of the 2DEG. The corresponding (free) Green function 
is denoted as gks{z) with an energy z on the complex 
energy plane. 

The disorder is modeled as randomly distributed, iden- 
tical defects with point scattering potentials that are nei- 
ther spin-dependent nor flip the spin: 



V{v) = V^l^(5(r-Ri). 



(4) 



which gives rise to an isotropic (s — wave) scattering of 
electrons. The configurational averaged Green function 
reads 



G{k±) 



1 



z - Ek± - Sfe±(z) 



(5) 



In the Born approximation the self-energy I](z) is a state- 
independent constant: 



(6) 



where n is the impurity concentration and L denotes the 
linear dimensions of the sample. The self-energy is re- 
lated to the scattering life time r via |ImI]| — h/2T at 
the Fermi energy ep- 

The charge current operator in spin space reads^^ 
Jx — edHo/dpx — e {bk^l — X<Jy) and Jy — edHo/dpy = 
e {bkyl + Xax) with b = fi/m. The spin currents are rep- 
resented by the Hermitian operators^ 



h h ( dHo 



(7) 



where a = x,y, and z. Thus J^^ = {h/2)bkxcrx, Jx^ — 
(?i/2)(— Al -I- bkx<Jy) and J^' = {h/2)bkx(7z, whereas 

= {h/2)bky(Tx,Jy' = {n/2)bkyay, ' = 

{h/2)bkya,. 

The Kubo formula for the longitudinal electrical con- 
ductivity can be written 



27ri2 



Tr {JxGJxG) 



AV ■ 



(8) 



where the trace is taken over wave vectors and band in- 
dex. We evaluate {JxGJxG) av = Jx{GJxG) av = JxKx 



in the ladder approximation that obeys the Ward rela- 
tion with the self-energy in the Born approximation. This 
leads to the Bethe-Salpeter equation 

Kx « GJxG + G{VKxV)avG. (9) 

Kx = GJxG has the same structure as GJxG, andi 

Jx ^ e (^kxl + ^{kx<7z - kyay)^ . (10) 

with A = A + A'. The vertex correction A' is the solution 
of 

fcl 

(11) 

with G| = G++ + sGfc - and G f = GksGks'- 

The generalized spin conductivity tensor in Pauli spin 
space reads 

^ TrJ^^{GJxG)AV ^TtJ^^Kx, (12) 



27ri2 



where the vertex function is the same as before. Symme- 
try tells us that 



TrJ^-i^, = 



TrJ^yRx 



zfib' 



Trfc2 G+cr, 



zhbX 



TrkG-ffx, (13) 



efib 



—Trk^G+ay 
8 

e?i6AA 



enb{X + A) 



TrfcG" ay 
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Tr[G+--G-+] ay, 



ehb , e_m^^^^_ 



TtJ;I'Kx = Trfc^G+cr 

8 o 

TrJ^^Kx = ^TrA:(G+--G-+)a„ 



TvJ^yRx 



shbX^ 
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ehbX 



Trfc {G+- - G-+) 1. 



(14) 
(15) 
(16) 
(17) 
(18) 



Because the Green functions depend only on k, the angu- 
lar averages of A;^ and ky are k'^ /2, and odd terms with 
respect kx and ky in the trace of the equations above 
vanish by symmetry. Without SO interaction, all matrix 
elements of J^'Kx vanish except for Jx^'Kx = Jx^Kx — 
Jx'Kx- But also these terms become zero after taking 
the trace. This means that no spin current flows along 
the external electric fieldi Only the spin Hall conductiv- 
ity ay^ proportional to Tr J^'Kx is nonzero, indicating 
that a spin Hall current along the y— direction and po- 
larized in the z— direction may exist when an external 
electric field is applied along predicted for the bal- 
listic limit iS 

The magnitude of the spin Hall effect can be calculated 
easily by adopting the following approximation for the 
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product of Green functions at the Fermi energy ep, 
Giks)G{ks) ^ —6{eF ~ Eks), 



(19) 



which holds when the energy dependence of the self en- 
ergy is weak and the broadening is small compared to the 
SO energy splitting at the Fermi energy, jlmEj <^ 2hXk. 
Then 



a"' = -n"- = — 



(20) 



for ei? > 0. This agrees with the ballistic result = 

e/87r by Sinova et al^ except for a factor A/A = 1 + A'/ A 
due to the vertex correction, but is identical to it when 
the vertex correction A' is neglected. 

By substituting Eq. (fll^ into Eq. (fTT|l . the vertex 
correction A' is evaluated as A' = —A, i.e. the spin Hall 
conductivity vanishes. Eq. (|19|l is equivalent to the weak 
scattering or strong SO interaction limit. As far as the 
spin Hall current is concerned, the effect of the impurity 
vertex correction is thus found to be much more impor- 
tant than that of the impurity self-energy in the Green 
function. 

The ballistic result can be recovered by considering the 
frequency dependent conductivity 



crf,„ = lim 



+0 —lUJ 

in terms of the correlation function 



(21) 



m 

= l^TiJlK.iiv,), (23) 



with 



K^{ii^i) = i ^(G(iwm -I- Wi)J„G{iujm))AV- (24) 
The vertex correction is calculated as before resulting in 



ii'i)JxG(iuj,-a) (25) 



where includes A = A + A'(cj) with 



A'(a;) 



fi 

T 



-iflLO ■ 



T 



(26) 



by letting ii^i — > huj + iO. Here we invoked again the weak 
scattering assumptioniiS This result generahzes Eq. (20) . 
When the r ^ oo limit is taken first, A'(ci;) — > 0, thus 
recovering the ballistic limit >S When we take the uj ^ 
limit first, X'(uj) = —A, and the spin Hall conductivity 
vanishes as before. 



We made the rather crucial approximation that the 
scattering potential is short-ranged, thus isotropic in mo- 
mentum space. As mentioned above, Sinova et al& ex- 
plain the ballistic spin Hall current in terms of the pre- 
cession of spins out of the 2DEG plane when accelerated 
by the electric field. In the presence of isotropic impu- 
rity scattering, electrons with momentum k are scattered 
into all other momenta k' at the Fermi energy with equal 
rate, and the spin Hall current disappears with the aver- 
age spin tilting. This picture is not appropriate anymore 
when the impurity potentials are long-ranged, scattering 
predominantly in the forward direction. In that case the 
short-range model misrepresents the "skew scattering" 
corresponding to a non-zero Hall anglei2£ 

For long-range anisotropic scatterers the longitudinal 
conductivity is governed not by the energy life time r 
but the transport (momentum) life time Tt because the 
momentum integration in the vertex function over V^k^ 
(x is the current direction) does not vanish. Physically 
this means that the forward (small angle) scattering does 
not contribute to the resistivity. Without SO interaction, 
the vertex correction due to anisotropic scattering reads 



b' 



~2I? 



K ^ ^ 



(27) 



where b = h/m, 1/k — r/ri, and {nV'^) is an average of 
the scattering potential over Fermi surface. The trans- 
port life time is given by 1/rt — l/r — 1 /ti . 

When the SO interaction is incorporated into this ver- 
tex correction, the expression of the longitudinal charge 
conductivity and spin accumulation obtained before^ are 
modified as 



and 



m 



{sy) ^ 2TteEDX, 



(28) 



(29) 



respectively. Here we have used following relations: 
l/r = 2nnV^D/h = nV^m/h^, with D = TO/27^?^^ 
where D is the density of states of 2DEG. Note that the 
relation all = ^i-i holds for arbitrary value of b' and A'. 

The spin Hall effect may survive when small angle scat- 
tering dominates because only states close to each other 
in momentum space are scrambled. The anisotropy may 
affect the effective current operator in Eq. (|ll|l : the first 
term in parenthesis on the right-hand side becomes A in 
the isotropic scattering case and is likely to dominate for 
not too large long-range potentials. The vertex correc- 
tion A' is then given by 



A' = 



4L2 



(30) 



in which kf^ and kfy = kf — k\^ are replaced with 
weighted averages k\/2K' and k1 — kf/2K' over the an- 
gle. With 1/k' = t/t', we get A = {t/th)X and 
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1/th = 1/t — 1/r'. In the isotropic case, th — > oo, 
and A — > 0, but in general the spin-Hall current is fi- 
nite. This argument does not take into account the full 
effects of the anisotropy but demonstrates how the vertex 
correction for anisotropic scattering affects the spin-Hall 
conductivity. 

Burkov and MacDonald^^ computed the spin Hall con- 
ductivity for the Rashba-2DEG model system with short- 
range impurity scattering, but focusing on the dirty limit 
in which the lifetime broadening exceeds the SO energy 
splitting, opposite to the clean limit discussed here. Sur- 
prisingly, they recover the universal ballistic value found 
by Sinova et aLuS. This implies that with increasing (short- 
range) impurity scattering the Hall conductivity first 
vanishes, but in a reentrant fashion increases again when 
entering the dirty regime, in which Eq. H19I) does not 
hold anymore. 

Murakami et a/. 5*21 developed a theory for the spin 
Hall currents in hole-doped semiconductors described by 
the Luttinger Hamiltonian. Separating the spin Hall 
current into a topologically conserved (intraband) and 
non-conserved (interband) contribution,^^ these authors 
contend that the former, which does not exist in the 
Rashba-2DEG, is robust against impurity scattering. 



The breakdown of the spin Hall current by impurity scat- 
tering in the Rashba-2DEG discussed here would then 
correspond to the vanishing of the non-conserved part of 
the spin-Hall current. Microscopic calculations for the 
Luttinger Hamiltonian analogous to the present ones are 
necessary to unambiguously prove that the topological 
spin Hall current indeed survives under impurity scatter- 
ing. 

In conclusion, we have examined the effect of impuri- 
ties on the spin Hall conductivity of a Rashba-split 2DEG 
and found that the vertex correction (diffuse electron 
scattering) to the conductivity is essential, causing the 
spin-Hall effect to vanish. 
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